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We prove several Liouville theorems for F-harmonic maps from some com- 
plete Riemannian manifolds by assuming some conditions on the Hessian of the 
distance function, the degrees of F{t) and the asymptotic behavior of the map 
at infinity. In particular, the results can be applied to F-harmonic maps from 
some pinched manifolds, and can deduce a Bernstein type result for an entire 
minimal graph. 

1 Introduction 

In [Ar], M. Ara introduced the F-harmonic map and its associated stress-energy 
tensor. The concept of F-harmonic maps unifies the concepts of harmonic maps, p- 
harmonic maps, minimal hypersurfaces, maximal spacelike hypersurfaces and steady 
compressible flows, etc. It is known that the stress-energy tensor is a useful tool for 
studying the energy behavior and vanishing results of related functional (cf. [DW]). 

Liouville type theorems for harmonic maps, p-harmonic maps and F-harmonic 
maps were investigated by several authors (cf. [GRSB], [Ch], [Hi], [SY], [Se], [Ji], [DW] 
and the references therein). Up to now, most Liouville results have been established 
by assuming either the finiteness of the energy of the map or the smallness of the 
whole image of the domain manifold under the map. In [Ji], Z.R. Jin proved several 
interesting Liouville theorems for harmonic maps from complete manifolds, whose 
assumptions concern the asymptotic behavior of the maps at infinity. One special case 
of his results is that if u : (i?™, go) — ?■ (A^", h) is a harmonic map, and u{x) — ?■ po ^ N"^ 
as |a;| — )■ oo, then u is a constant map. 

In this paper, we generalize Jin's method and results to F-harmonic maps. The 
procedure consists of two steps. The first step is to use the F-stress energy tensor, by 
choosing a suitable vector field, to deduce the lower energy rates of the F-harmonic 
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maps. The second step is to use the asymptotic assumption of the maps at infinity 
to obtain the upper energy growth rates of the F-harmonic maps. Under suitable 
conditions on F and the Hessian of the distance functions of the domain manifolds, one 
may show that these two growth rates are contradictory unless the F-harmonic maps 
are constant maps. In this way, we establish some Liouville results for F-harmonic 
maps with the asymptotic property at infinity from some complete manifolds (cf. §5 
for detailed statements). Finally, in §6, we show that the asymptotic conditions on 
F-harmonic maps for Liouville theorems can be relaxed if the target manifold is more 
special. These Liouville theorems enable us to give an interesting application for a 
global minimal graphic hypersurface {x,u{x)) in it!"*+^ as follows: If there exists a 
constant c and lim max{— fc£=} = 0, then the graph is a horizontal hyperplane. 

This paper is organized as follows. In §2, we present some basic notions, some 
examples of F-harmonic maps and a useful integral formula associated with the F- 
stress energy tensor. In §3 and §4, under suitable conditions on the domain manifolds 
and the asymptotic condition on the maps, we derive the lower energy growth rates 
and the upper energy growth rates for F-harmonic maps respectively. In §5 and §6, 
we establish the main Liouville results and give some applications. 



2 Preliminaries 

Let F : [0, a) [0, oo) be a function with F(0) = such that F' > on 
(0, a) for some ck > 0. For a smooth map u : (M, g) — > {N, h) between Riemannian 
manifolds {M,g) and {N,h), we define the F-energy Ef{u) by 

Ef{u) = / F{^)dv, = / F{-Kp^^g^:')dv,. 2.1 
JM 2 Jm 2 oxi oxj 

The map u is called F-harmonic if it is a critical point of the functional Ef{u), that 
is, 

j^Mut) = (2.2) 

for any compactly supported variation Ut : M ^ N (— e < t < e) with uq — u. the 
F-tension field Tp{u) of u is defined by 

rF{u) = F'(^)rH + u.{grad{F'(}-^))). (2.3) 

From [Ar], wc know that u is F-harmonic if and only if Tp{u) = 0. 

Example 2.1. (cf. [Ar], [DW]) When F{t) = 2t, ^(2^)^/^ (1 + 2t)" (a > 1, 
dimM=2), and e^*, the F-harmonic map becomes a harmonic map, a p-harmonic 
map, an a-harmonic map, and an exponentially harmonic map respectively. 
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Example 2.2. (cf. [Ya], [DW]) Let M"* = {x,u{x))) ^ R"'+^ be a graph defined 
on i?™, where u : — )■ i? be a smooth function. Then M is a minimal graph if and 
only if u : R"^ — )• i? is a i^-harmonic map with F{t) = x/1 + 2t - 1. 

Example 2.3. (cf. [Otl,2]) Set F{t) = p{s)ds with p : i?+ U {0} ^ R+ . 
Under suitable conditions on p, the F-harmonic maps have a physical analogy as 
steady compressible flows on a Riemannian manifold. 

Prom now on, we will assume that F is defined on [0, oo), that is, a = oo. Similar 
to [Ka] and [DW], we may define the upper degree dp and the lower degree Ip ol F 
as follows: 

tF'{t) 
t>0 r \t) 

and 

If = mf ^, . . 
t>o F{t) 

For example, if F{t) = J(2i)P/^ then dp ^ h ^ p/2; if F{t) = Vl + 2i - 1, then 
dp = 1 and di — |. In general, we have Ip < dp. Prom now on, we always assume 
that dp < +00 and m > inax{2,2dp}. The stress-energy tensor associated with the 
functional Ep{u) is defined by ([Ar]) 

Sp{u) = Fi}^)g-F'i}^)u*{h). (2.4) 

Prom [Ar], we know that if u is F-harmonic, then divSp{u) — 0. Recall that for a 
two tensor field T e r{T*M (g) T*M), it is divergence divT e r{T*M) is defined by 

(ci^t;T)(X)=^(VeT)(e„X) 

i 

where {cj} is an orthonormal basis of TM. Por a vector field X on M, its dual one 
form 9x is given by 

ex(Y)^g(X,Y). 
The covariant derivative of 9x gives a 2-tensor field VOx- 

{Vex){Y,Z) - {Vzex){Y) = g{VzX,Y), V Y,Ze TM. (2.5) 

li X — VV' is the gradient of some smooth function t/j on M, then 9x — dt/j and 
VOx ^ Hess{7jj). 

Lemma 2.1. ([Ba],[DW]) Let T he a symmetric (0,2)-type tensor field and let X he 
a vector field, then 

div{ixT) = {dzvT){X) + {T,Vex) 
= {divT){X) + ^{T,Lxg). 
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Proof. Let {ej} be a local orthonormal frame field around a point p such that (Vej)p = 
0. Then 

m 

divitxT) = 5:(Ve,(^xT))(e,) 

i=l 
m 

= ^(Ve.(T(X,e,))-r(X,Ve,e,)) 

i=l 

m 

= {dwT){X) + 5: T(e,, e,-)(Ve,X, e,-) 

= (di^;r)(X) + (r,V^x)- (2.6) 

We also have 

{Lxg,T) = Y.i^x9){ei,ej)T{ei,ej) 

= J2{^9iei, ej) - gi[X, e^], e^) - g{ei, [X, ej])}T{ei, ej) 

hi 

= ^2g{Ve,X,ej)T{ei,ej) 

= 2{T,Vex). (2.7) 

Therefore (2.6) and (2.7) yield this lemma. I 

Let D be any bounded domain of M with boundary. By applying Lemma 2.1 
to Sf and using the divergence theorem, we immediately have the following integral 
formula (see [Xi], [DW]): 

/ SF{u){X,i^)dsg= I [{SF{u),\Lxg) + {divSF{u)){X)]dvg (2.8) 

JdD JD I 

where v is the unit outward normal vector field along dD. In particular, if is a 
F-harmonic map, then by divSF{u) — 0, we have 

/ SF{u){X,u)dsg^ [ {SF{u),]-Lxg)dvg. (2.9) 

JdD JD Z 

3 Lower energy growth rates for F-harmonic maps 

Let (M^^go) be a complete Riemannian manifold with a pole xo- Denote by 
r{x) the g^o-distance function relative to the pole xq, that is, r{x) — distg^^{x,xo). 
Set B{r) — {x & M"* : r{x) < r}. It is known that ^ is always an eigenvector of 
HesSgg{r^) associated to eigenvalue 2. Denote by Xmax (resp. Amin) the maximum 
(resp. minimal ) eigenvalues of Hessg^^{r'^) — 2dr (8) dr at each point of M \ {xq}. 

From now on, we consider an F-harmonic map u : {M"^,g) {N,h), where 
g = /2^o, < / e C~(M). Clearly the vector field 

or 
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is an outer unit normal vector field along dB{r) C {M,g). 

Henceforth we will assume that / satisfies either ^ > or ^ < on M\{xq}. 
The further conditions for / are as follows: 

(/i) if > (resp. < 0), there is a constant a > such that 

d\og f (ui — 1) 
(m - 2dF)r—^ \ Amm + 1 - dp max{2, Amax} > a 

dlog f (m — 1) 
{resp.{m - 2lF)r—^ \ ^ A^in + 1 - (ii;'max{2, A^ax} > cr)- 

(/2) there are constants C > 0, i?o > such that 

dB{r) 

where cr is the constant in (/i). 

(/a) there are constants C > 0, i?o > 0, such that 



j f"'-^{x)dsg^ < CRXogR for R > R^. 



dB{R) 

Now we take X = r-^ = |V°r^ in (2.9), where V'^ denotes the covariant derivative 
determined by the metric gg. By a direct computation, we have 

—LxQ — —L^ a f^Qo 

= '^—g^9 + 2/ ^xgo, (3.1) 



and thus 



9{SF{u),-Lxg) = g{SF{u),r—^g + -f Lxgo) 



^^^g{SF{u),g) + ^fg{SF{u),Hess,,{r') 



Using (2.4), we have 



(m - 21f)F{\^) > giSFiu),g) > (m - 2rf^)F(^). (3.3) 

Let {cj}^! be an orthonormal basis with respect to go and 6^ — -§p- We may assume 
that HesSgg{r'^) becomes a diagonal matrix w.r.t.{ei}. Then {gj = f~^ei}^i is an 
orthonormal basis with respect to g. 
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fg{SF{u),HesSg^{r'^)) = ^ 5'F(M)(ei, ej)ifesSgo(r^)(ei, e^) 

= f{tF{\^)Hess,,{r'){e,,e,) 

i=l 

- F{^-^)A,y (3.4) 

-F'C—L)J2{du{e,),du{e,))HessJr'){e,,e,) 

^ i=i 

Using the definition of tlie upper degree, we liave 



2 

- max{2, A„iax}F'(— — )^((iti(ei), du{ei)) 

i=l 

> [(m - l)A^in + 2 - 2ci^max{2, A^ax}]i^(^).(3.5) 

In following we only consider the case ^^^-^ > 0, because the argument for the 
other case ^i^ll < Q is similar. 

or — 

Combining (3.2), (3.3) and (3.5), we have 

g{SF{u),hxg) > [(m-2rf^)r^i^ + ^^^^A^in + l 

-d^max{2,A^a.}]F(^). (3.6) 
By the coarea formula and |Vr| = /~^, we deduce that 

/ SF{u){X,u)dSg < I F{\^)g{r^,u)d 

JdBir) JdB{r) 2 dr 

= r I Fi}^)fds 
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4 l\kmI^P^}M 

dr Jq Vr -* 



d r jj,^\du\ 

iBir) 

Hence, by (2.9), (3.6) and (3.7), we have 



41 Fi\^)dv,. (3.7) 
drJBM ^ 2 ' ^ ^ ' 



d f ^Adul"^. , /■ r/ , X <91og f (m — 1) 

r-r Fr—^)dvg > / [(m-2dF)r^^+ ^ ^ ' 
drJBir) ^ 2 ' ^ - JB{r)^^ ' dr 2 



Amin + 1 



-dfmax{2,A^ax}]F(^)ci^^3- (3-8) 
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By (/i), there is a constants a > such that 

(91og / (?Ti — 1) 

(m - 2dF)r—^ \ Amin + 1 - dp max{2, Amax} > cr, (3.9) 



thus 



I.e., 



dr JB{r) 2 ^ JB(r-) 



> 0. (3.11) 



Therefore 



Pi P2 

for < pi < p2- 

Prom the above discussion, we can get the following theorem. 

Proposition 3.1. Let u : {M^-^pg^) — )■ {N,h) be a F-harmonic map. Suppose 
f satisfies (/i). If u is not a constant map, then we have the following estimate 



j p{\!!:^)(ivg > c{u)R'' as 00 

J B(R) ^ 



\du\ 

IB{R) 

where c{u) > is a constant only depending on u. 



Next, we show that if the F-harmonic has the unique continuation property (e.g., 
F{t) — t, \^T+2t — 1 in examples 2.2, etc.), the condition (/i) in Proposition 3.1 
may be replaced by: 

(/i) The left hand sides of the inequalities in (/i) are nonnegative on the whole 
M"* and there exists an i?o > such that (/i) holds for r{x) > Rq. 

Assuming (/i), taking X — r-^ and applying Lemma 2.1 to div{ixSF{u)) on 
B{R)\B{Ro), we get 



/ Sf(u)(X, u)dsg — / Sf(u)(X, iy)dsg 

Jd(R) Jd{Ro) 

f g{SF{u),^Lxg)dvg 

B(R)\B(Ro) 2 



91og / (m — 1) 
cm — AUFir ' 

lB{R)\B{Roy 

-dFmax{2,X^^}]F{——)dVg. (3.13) 



f r/ , X dlog f (m — 1) , 

Jb(r)\b(Ro) or 2 



2 

Set H{Ro) — Jgf^j^^-j SF{u){X,i/)dSg, then by (3.7) and (3.13), we have 



dR Jb{r) ^ 2 ' ^ \ »J - ^ 2 ' 



and thus 

dR^JB{R)\B{R^) ^ 2 ' ^ a ^ - ^Jb{r)\b{Ro) ^ 2 ^ ^ a ^ 

(3.14) 

To get the lower estimate of F-energy, we need the following lemma. 

Lemma 3.1. Let u: {M"^,pgo) {N^,h) be a F-harmonic map with unique 
continuation property. Suppose f satisfies (/i). If u is not a constant map, then the 
F-energy Ep{u) must he infinite. 



Proof. Using coarea formula, we have 

\du\'^ f+°° dr f Adu]"^ 1 



[ F(^)d„, = r^f F 

Jm 2 " Jo r JdB(r) 



dB{r) 2 |Vr| 

rM.. ("5) 



rdSn 



where B{r) is the geodesic ball centered at xo with radius r. 

If u has finite F-cnergy, i.e. Jj^ F{^-^^)dVg < +oo, then by (3.15), we have a 
sequence {rj} such that 

lim n [ F(^-^)fds, = 0. (3.16) 
By (/i), the inequality (3.9) holds for r{x) > Rq. Using (3.8), we have 



r 



drJBir) ^ 2 ' - JB{r)\B{Ro) ^ 2 ' ^ 



Let r — ri tend to infinity in the above inequality, using (3.16), we have \du\'^ — 
on M"* \ B{Ro), that is, u is constant on M"* \ B{Ro). By the unique continuation 
property, we deduce that u is constant on M"*. This contradiction shows that the 
F-energy Ep{u) must be infinite. ■ 
By the above Lemma 3.1, we have 

f I du I ^ 

lim / Fi- — -)dvq = +00, 

R-^oo J B{R)\B{Ro) 2 

and thus 

\du\\^^^ , HjRo) ^ ^ 



I F[\^)dv. 
Jb(r)\b(r.) 2 



lB{R)\B{R„) Z a 

for sufficiently large R. Using (3.14), it follows that 

d f lB{R)\B{Ro) FC-^)dVg ^IliM 
dR^ R'^ ^ 
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which imphes that 




> c{u)R'' 



for sufficiently large R, where c{u) > is a constant only depending on u. Therefore 
we have the following proposition: 

Proposition 3.2. Let u : (M"*, pgo) — >■ (A^, h) he a F-harmonic map with unique 
continuation property. Suppose f satisfies (fi). If u is not a constant map, then we 
have the following estimate 

r I dij, 1 2 

/ FC—^)dVg > ciu)^ as R^oo 
where c{u) > is a constant only depending on u. 



4 Upper energy growth rates for F-harmonic maps 

In order to get the Liouville type property of F-harmonic maps, we need to esti- 
mate the upper F-energy of the F-harmonic maps. 
Set 

E^{u) = / F(^)d.,. 

B{R) 

Using a method similar to [Ji] , we can derive the following theorem of an upper bound 
for the growth rate of Ep{u) as i? — >■ oo. 

Proposition 4.1. Let u: {M"\f'^gQ) — )■ {N'^,h) he a F-harmonic map. Suppose 
that f satisfies (/i) and {f2), CLnd the F -lower degree Ip > and F'{^-^^) < -\-oo. 
If u{x) Po & N"' as r{x) — >■ oo, then u must he a constant map, or there exists 
constants Rq, c{u), and r){R) — >■ as R ^ oo, such that 

Em < + '-^)R^ for R > Ro. 

Proof. Suppose the F-harmonic map is not constant, then by Proposition 3.1, the 
F-energy of u must be infinite. That is, Ep{u) — )■ oo as i? ^ oo. 

Choose a local coordinate neighbourhood (C/, if) of po in N'^i such that ^^(po) = 0, 
it is clear that we can choose the U in such a way that 

h ^ hap{y)dy'' ® dyf^ , yeU 

satisfies 

i-^y' + '^KM) > My)) on u 



9 



in the matrices sense (that is, for two n x n matrices A, B , by A > B , we mean that 
A — B is a, positive semi- definite matrix). 

Now the assumption that u{x) — >■ as r(a;) — >■ oo imphes that there is an Ri such 
that for r{x) > Ri, u{x) e U, and 

i-^y' + 2V(«)) > Mu)) for r{x) > R,. (4.1) 

For w e C^(M"* \ B{Ri), (p{U)), we consider the variation u + tw : M"^ A^" 
defined as follows: 



{u + tw){q) = 



uiq) ifge5(i?i), 
^-^[{^{u) + tw){q)] if g e M'" \ 5(i?i) 



for sufficient small t. By the definition of F-harmonic maps, we have 

di' 

that is. 



\t=oEF{u + tw) ^0 



Choose w{x) = 4>{r{x))u{x) in (4.2) for 4>{t) e C^{Ri, oo), we have 

J %'F'C-^)[2ha^{u) + -^u^]-^-^<P{r{x))r~\x)dv,, 

= -2 / ,«f'(M^)V(«)^..^^^r-(x)d.,.. (4.3) 



M'"\S(i?i) " 



By a standard approximation argument, (4.3) holds for Lipschitz function with 
compact support. 

For < e < 1, define 



In (4.3), choose the Lipschitz function (f){r{x)) to be 
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Set I/' = 9o^^ thus ^ — ^^-^ is the outer normal vector field along dB{R). 
Let e — > 0, notice 



dxi Re dxi 



and 



B(il(l+e))\B(ii) 



we get (i?2 = 2Ri] 



B{R)\B{R2) ^ ' ^ 



2 / F\\^)h^,iu)^u^u^r-^{x)ds,, (4.4) 



I* 

dB{R) 

where 



B{R2)\B{Ri) " 



dxi dx 



-2K^{u)^u^^^^}r-\x)dv,,. 



Set 



Z{R) = j gl^F'C-^)h^piu)^^r-\x)dv,, + D{R,) far R> R, 

* 3 



then 



B{R)\B{R-2) 



dB{R) 

Notice that 
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and therefore 

- yaBm'ai/ ^v'^ 2 



ldB{R) 

where the last equahty is because of 



/ ho,p{u)u-uPF'i}-^)f^-^ds,,, (4.5) 

JdB(R) 2 



By the definition of Zi;', we have 

/ 9}^F'i\^)K,iu)^^r-\x)dv,,>2h J (4.6) 

B{R)\BiR2) ' ^ B{R)\B(R2) 

Since Ip > and — > 00 as i? — i- 00, there is an > R2, such that Z{R) > for 
R>R3. Thus (4.1), (4.4) and (4.5) imply 



Z{Rf<CZ'{R)i J F'i}-^)Kp{u)u^u^r-\x)dsg,) for R> R,. 

dB{R) 

M{R) = I F'{}^)Kp{u)u'^uPr-'{x)ds,,, (4.7) 



dB{R) 

If we denote 

^.Adu\' 

dB(R) 
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then for R4 > R > R^, it follows that 

rR4 —I r^^ I 



rU4 —I ft 

/ {y-Tydr>C 
Jr Zir) JR 



dr. 



Ir ^Z(r)' - Jr M{r) 
Let i?4 ^ 00 and notice that Z[R) > 0, we have 

1 1 

z{r)-^Jr 'W)'^'' 

Thus ^ 

Z{R) <C forR>Rs. 

jR Mir)"'''" 

By < +00 and the fact that u{x) ^ as r{x) 00, we get 

M{R)<Cri{R) J r-\x)ds,„ 

dB{R) 

where r]{R) is chosen in such a way that 

(i) 77(7?) is nonincreasing on (i?3, 00) and r]{R) — >■ as i? — >■ 00; 

(ii) r]{R) > max {hap{u)u"u^} . 

r{x)=R 

Then by (/2), we derive 

/■oo 1 C 1 , C ^ „ 

Jr M{r) ~ V{R) Jr I f"'-Hx)dsg, - r]{R) ' 

dB(r) 

Thus 

Z{R) < Crj{R)R'' for R > R3. 
Therefore, using (4.6), we obtain 



Remcirk 4.1. When the F -harmonic map u has the unique continuation property, 
then by Lemma 3.1, the conclusion of Proposition 4-1 o-lso holds for u with the con- 
dition (/i) replaced by (fi). 

5 The main results and their proof 

Combining Proposition 3.1 and Proposition 4.1, we have the following Liouville 
type theorem. 
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Theorem 5.1. Letu: {M'^^Pqq) — >■ {N'^,h) he aC"^ F -harmonic map. Suppose that 
f satisfies (/i) and {f2), and that the F-lower degree Ip > and F'{^-^^) < +00. // 
u{x) Po & as r{x) — >■ oo, then u is a constant map. 

Remark 5.1. Assuming either supF' (t) < +00 or sup\du\'^ < +00, we may deduce 

t>0 M 

that F'(^) <C. 

By Proposition 3.2 and Remark 4.1, we have the following theorem for F-harmonic 
map with the unique continuation property, which includes the case of harmonic maps 
in Jin's paper ([Ji]). 

Theorem 5.2. Let u: (M"*, pgo) {N"', h) he a F-harmonic map with the 
unique continuation property. Suppose that f satisfies (/i) and {f2), and that the 
F-lower degree Ip > and F'{^-^^) < +00. If u{x) Po E N'^ as r{x) — >■ oo, then u 
is a constant map. 

Corollary 5.1. Letu: {M'^,go) [N^,h) he a F-harmonic map. There are 
positive constants C , a and Rq such that 

7. Amin + 1 - max{2, Amax} > CT, (5.1) 



poo (Ij- 

JR vol[oB[r)) 

The lower degree Ip > and F'{^-^^) < +00. If u{x) Po & N"' as r{x) 00, then 
u is a constant map. 

When applied the above results to some concrete pinched manifolds, we need the 
following lemmas. 

Lemma 5.1. Let (M, gio) be an m-dimensional complete Riemannian manifold with 
a pole Xq and let r{x) he the distance function relative to Xq. Assume that there exist 
two positive functions hi{r) and h2{r) such that 

hi{r)[go — dr ® dr] < Hess{r) < h2{r)[gQ — dr ® dr] 

in the sense of quadratic forms, then 
(m — 1) 

^ Amin + 1 - (ii;'max{2, Amax} > (m - l)hi{r)r + 1 - 2dFmax{l, h2{r)r}. 

Proof. Applying the Hessian operator to the composed function r^, we have 

Hess{r'^) = 2rHess{r) + 2dr (8) dr 
which immediately yields the result. I 
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Lemma 5.2. (cf. [GW], [DW], [PRS]) Let (M^qq) he a complete Riemannian mani- 
fold with a pole Xq and let r be the distance function relative to Xq. Denote by Kj. the 

radial curvature of M. 

(i) If -a^ <Kr< -P^ with a>0, P>0, then 

^coth(^r)[g' — dr <^ dr] < Hess{r) < acoi\i{ar)[g — dr ® dr\. 

(n) If - (i+4)i+e <Kr< (1^^ With e > 0, A > 0, < 5 < 2e, then 
1 - ^ 

—[g — dr ® dr] < Hess{r) < — [g — dr ® dr]. 



r r 
(Hi) If-^ < i^r < #2 with a>0,b^ e [0, 1/4], then 



— —[g — dr ® dr] < Hess{r) < — — —[g — dr ® dr]. 

By Theorem 5.1, Lemma 5.1 and Lemma 5.2, we can get the following theorem. 

Theorem 5.3. Let u: {M^-^f'^go) — )■ {N^,h) be a F-harmonic map. Suppose f 
satisfies ^ '"^-^ > and there exist a constant a > such that the inequality in (/2) 
holds. The F-lower degree Ip > and < +oo. Suppose M™ is a complete 

Riemannian manifold with a pole and its radial curvature satisfies one of the following 
three conditions: 

(i) -o?- < Kr < -p^ with a > 0, p > and r^^{m - 2dF) + 1 + (m - 
l)/3rcoth.{/3r) — 2dFar coth.{ar) > a; 

(ii) - (1+4)1+^ <Kr< j^^^ withe>0, A>0,0<B <2e and r^(m - 
2dF) + 1 + (m - 1)(1 - f ) - 2dFe^e > a; 

(iii) <Kr<jf^ with a>0,b'^ e [0, 1/4] and r^^{m - 2dF) + 1 + (m - 
l y+^/f^ - dF{l + VI + 4a2) > a. 

If u{x) Po & as r{x) — >■ oo, then u is a constant map. 

Remark 5.2. (i) If (m — l)/3 — 2dF0c > 0, then we have 

ar coth(Q;r), 



(m — l)/3r coth(/3r) — 2cii;'Q;r coth(Q;r) > /3r coth(/3r)[(m — 1) — 20?^ 

cx 

> (m - 1) - 2dF^ 



(3r coth(/3r)^ 



since ^r coth(^r) > 1 for r > 0, and ^^^°th(^^] < 1 for < ^ < a, and coth is a 
decreasing function. Thus the conclusion of the first case in Theorem 5.3 still holds 

ifr^{m-2dF)+m-2dF^>a. 

(a) If f satisfi.es < and the condition (/2), then the conclusion in Theorem 

5.3 still holds provided that one replaces m — 2dF by m — 21f in (i) (ii) (Hi). 

(Hi) M. Kassi ([Ka]) proved a Liouville theorem for F-harmonic maps from vari- 
ous pinched manifolds, which has finite F- energy and some restrictions on dp. 
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Taking f — 1, we have the following corollary. 

Corollary 5.2. Let u: {M"\gQ) — )■ {N'^,h) he a F-harmonic map. The F-lower 
degree Ip > and F'{^-^^) < +oo. Suppose is a complete Riemannian manifold 
with a pole and its radial curvature satisfies one of the following two conditions: 
(i) - (1+4)1+^ <Kr< jYT^ with€>0, A>0,0<B <2€ andl + {m-l){l- 



|) - 2dFe^e > m - 2; 



(ii) <Kr<^ with a>0,b^ e [0, 1/4] and 1 + (m - i)l±^p6! _ ^^{1 + 

VI + 4a2) > (m - 1)^' - 1, where A = i+^p^ . 

If u{x) po & as r{x) — >■ oo, ^/len u is a constant map. 

Proof. For the first case (i), it follows that 

Ric ix) > ("^ - 1)^ V X G M"* 

By direct calculation 

io (l + r2)i+^ 2^' 
Thus using the volume comparison theorem (cf. [PRS]), we have 

volg,{dB{R)) < Ume^^R""-' 

where oum is the (m — l)-volume of the unit sphere in R^, and thus 

f°° dr 1 {m-l)A 

(/ , .r,^. J -'<{m-2)uJme^^R"'-' for R>Ro. 
For the second case (ii), it follows that 

Then the volume comparison theorem yields (cf. [PRS]) 

volg,{dB{R)) < CR^""-'^^' 

where A' = 1+^pii!. Thus 



2 



( r / fLf < CR^-'^^'-' for R > Ro. 

Jr volg^{dB{r)) 

Therefore, using Corollary 5.1, the conclusion of this corollary is immediately proved. 
■ 

Remark 5.3. If —a"^ < K,. < — with « > 0, /3 > 0, then the volume of dB{R) has 
exponential growth, thus the condition (5.2) doesn't hold for any a > so we needn't 
consider the case (i) in Theorem 5.3. 
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Corollary 5.3. Let u : {R^,go) — )■ {N'^,h) he a F -harmonic map. Suppose the 
F-lower degree Ip > and F'(J^) < +00. If dp < I and u{x) po E N"" as 
\x\ 00, then u is a constant map. 

Proof. Consider the case A — B = in Corollary 5.2 (i). If dp < 1, then the 
conditions in that corollary are satisfied by choosing a — m — 2, and the conclusion 
of this corollary follows immediately I 

Remark 5.4. For the harmonic map u, it is an F-harmonic map with F = 2t, 
dp = Ip = 1, F' (t) = 2. Thus Theorem A of [JiJ stated in the introduction can be 
regarded as one version of this corollary in the case of harmonic maps. 

Theorem 5.4. Suppose f satisfies (/i) and (f^) and the F-lower degree Ip > 0. Then 
for any p G A^", there is an (nonempty) open neighbourhood Up C A^**, such that the 
family of open sets {Up \ p G A^"} has following property: 

If u : {M^,f'^go) — > (A^",/i) is a harmonic map, F'(^-^^) < -\-oo, and for 
some p G N'^, u{x) E Up as r{x) 00, then u is a constant map. 

Proof. The proof of Theorem 5.4 is a modification of the proof of Theorem 5.1. 
Choose a family of coordinate neighbourhoods {Up \ p G N^} as follows: let {Up, ip) 
be a coordinate system centered at p such that 

{^^^y' + 2V(y)) > {ho.^{y)) on Up 

and 

< Cp 

where Cp is an arbitrary constant which may depend on p. Then we claim that this 

family {Up | p G is what we want. 

In fact, if u : [M^^f'^go) — )■ {N'^,h) is a non-constant harmonic map, and 
for some p G A^", u{x) G Up as r{x) — )■ 00, then we may assume that for some Rq, 
u{x) G Up for r{x) > Rq. Proceeding as in the proof of Theorem 5.1, we get 

1 r'^ 1 

> C / Yj^dr, for R > R3. (5.3) 



But in this case 



Therefore 



Z{R) - Jr M{r) 
M{R) < CCp J f"'-\x)dsg^ < CCpRlogR 



dB{R) 

1 /-oo 1 

dr = 00. 



/■oo 1 I e 

Jr mm ''-CC'Jb 



Ir M(r) - CCpjR rlogR 
Now we have a contradiction to (5.3), since if u is not a constant map, Z{R) > for 
R large. I 

It is interesting to note that different F(t) may have the same upper degree or the 
lower degree. Therefore the results in this section may be applied simultaneously to 
different F-harmonic maps. 



17 



6 A further theorem and its appHcation 



In this section, we show that the asymptotic condition on F-harmonic maps for 
Liouville theorems can be relaxed if the target manifold is more special. Let (/?", Hq) 
be the standard Euclidean space, where ho = J2 {dUa) ■ Denote by p{y) = disthtXv, o) 

a=l 

the standard Euclidean distance relative to the origin. If we choose a function A(p) = 
kip^~^, where ki > and k > 1, then it is easy to verify that the metric h{y) = 
A^(p(y))/io(l/) satisfies 

{^^y'^ + 2K,{y))>My)). 



dy 

Let u : (M™, g) — > (i?", h) be a F-harmonic map. Notice that the whole image of u is 
contained in a global coordinate of i?". So one may construct the variation u + tw as 
in §4. Therefore all integral formulae and inequalities in §4 still hold just by taking 
Ri = 0. 
Set 

K{R) = max {F(^) V(^)^"^''}. 

r(x)=R Z 

By using a small modified method of Theorem 5.1, we can get the following theorem. 

Theorem 6.1. Letu: {M'^^pgo) — )■ {R^,h) he a F-harmonic map. Suppose that 
f satisfies (/i) and (/2) and the F -lower degree Ip > 0. If\iva.R^^ ^{R) — 0; then u 
is a constant map. 

Proof. By (4.7), we have 

M{R)<K{R) J r-\x)ds,,. 

dB(R) 

Since K{R) is continuous and lim^^^oo — 0, we can choose a function K{R) 

such that 

(i) K_{R) > K{R)- _ 

(ii) K{R) is nonincreasing on (i?3, oo) and K{R) ^ as i? — >■ oo, where i?3 is the 
constant in §4. 

Thus the remaining part of the proof is similar to that of Theorem 5.1. We omit the 
details. ■ 

It follows immediately that 

Corollary 6.1. Letu: {M"^,pgo) R he a C'^ F -harmonic function. Suppose that 
f satisfies (/i) and {f2), o-nd the F-lower degree Ip > 0. // 

lim max{F'(^)|M|n = 0, 

then u is a constant map. 
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Corollary 6.2. Let x^+i — u{xi, ■ ■ ■ ,Xm) be an entire minimal graph on (m > 
2), where x — (xi, • • • e is the standard Euclidean coordinate. If 



iu - c? 



lim maxj— p | = 0, 

then the graph is a horizontal hyperplane. 

Proof. Prom Example 2.2, we know that u : {R^, go) — > i? is a F-harmonic map with 
F{t) = v^rT2i- 1. 

By a direct calculation, we have Ip — ^, dp — 1, F' {^^^) = ^^^^^ < +oo, and 

^min — ^max — 2- ThuS 

(ffl — \ ] 

7, '^min +l-dF max{2, Amax} = m - 2 



and 



JR voUoBir)) 



iR vol{dB{r))' 

where Um is the volume of the unit sphere in R^. Clearly the minimality of the 
graph is invariant under the upward or downward movement in x^+i-axis direction. 
Thus the conditions of Corollary 6.1 are satisfied if we choose C = m{m — 2)um and 
a = m — 2, therefore u is constant and the graph is a horizontal hyperplane. I 

Remcirk 6.1. (i) When m < 7, it is well known that the entire graph x^+i — 
u{xi, • • • ,Xm) over R^ is a hyperplane in R^~^^ (cf. [Si]). We know that ^^^^^ |2 ~ 

cos(^), where 9 is the angle function between the normal vector field of the graph and 
the Xfji-i^^ -QjX%S. Actually we may state Corollary 6.2 in a more geometric way: Let 
P be an m- dimensional hyperplane in Suppose is a complete minimal 

hypersurface in R™-+^ which is a graph over the plane P. Denote by 9 the angle 
function between the normal vector field of M and the normal vector of P. For 
q e M, let d{q, P) be the Euclidean distance from q to P. If 

hmd^(g,P) cos9{q) = 0, 

then M is a hyperplane parallel to P. 

(a) From Corollary 6.2, we may deduce the following result: If there exists a 
constant c such that lim u{x) = c, then u = c. Note that the later result is also a 

\x\—>oo 

consequence of Simon's result (cf. Lemma 1.1 in [Sim]). 
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